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In 1976, R.N. Burns and C.E. Haft gave an algorithm for finding the kth-best spanning tree 
of an edge-weighted graph as well as the kth-best base of an element-weighted matroid. In this 
paper, after introducing the concept of a convex weight function defined on the vertex set of a 
connected graph, the following result is proved: Let H = (S, ~¢) be an independence system, 
where ..~ is the set of independent subsets of H, such that all the maximal independent subsets 
of H are of the same cardinality. Then a necessary and sufficient condition for H to be a 
matroid is that, for any weight function W defined on S, the algorithm of Burns and Haft gives 
a labelling of the family of maximal sets in .¢ as B1, B 2 . . . . .  B, such that W(BI)~W(B2)<~ 
• .. <~ W(B. ) .  
1. Introduction 
All the graphs considered here are assumed to be finite, undirected and 
loopless. For terminology and notat ions in graph theory and matroid theory not 
specified here, see [1] and [3] respectively. 
Let S be a finite set, and let F = {A1, A2 . . . . .  Ap} be a family of subsets of S 
such that IA,I=IAzl . . . . .  IAol=r. Construct a graph called the connect ion 
graph of F, as follows: Take F as the vertex set, and two vertices Ai and Ai are 
adjacent if and only if [A i -A i [  = [A j -A i l  = 1. Assume that there is a function f
defined on the elements of S. Let 
W(A)  = ~, f (e)  
eEA 
for A e F. Then we have a weight function W induced by f defined on the vertex 
set of the connect ion graph of F. If S is the edge set of a connected graph G, and 
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F is the set of spanning trees of G, where each spanning tree is taken as its edge 
set, then the connection graph of F is called the tree graph of G and denoted by 
T(G). If S is the ground set of a matroid M, and F is the set of bases of M, then 
the connection graph of F is called the base graph of M and denoted by B(M). 
Burns and Haft [2] proposed an algorithm to give a labelling of a vertex- 
weighted graph G. 
Let G be a graph with vertex set V, and let W be a real function defined on V. 
Denote 
w0 = rnin{W(v); v ~ V}. 
For a subset A of V, the neighbourhood of A, denoted by N(A), is the set of 
vertices of G which are not in A and adjacent o at least one vertex of A. 
The algorithm is as follows: 
Algorithm 1 
Step 1. Take vl ~ V such that W(vO = Wo. 
Step 2. Suppose that V,~ ={vl,  v2 . . . . .  vm} is determined. If m = IvI or N(Vm)= 
~1, stop; otherwise, take v,,÷l to be a vertex in N(Vm) satisfying 
W(vm+l) =min{W(v);  v ~ N(Vm)}, and repeat this step. " 
Algorithm 1 is said to be faithful for the graph G with the vertex weight 
function W if all the vertices of G are labeled and the labeling given by this 
algorithm satisfies 
W(vl) <- W(v2) ~<" • ~< W(v,), where n = I V I .  
If Algorithm 1 is faithful, then it gives a ranking of the vertices of G according 
to their weights. In other words, in this case, Algorithm 1 can be used to find the 
kth-best vertex in V. 
In [2], the subsequent results are proved: 
Theorem 2. For any function f defined on the edge set of a connected graph G, 
Algorithm 1 is faithful for the tree graph T(G) of G with the weight function 
induced by f. 
Theorem 3. For any function f defined on the ground set S of a matroid M, 
Algorithm 1 is faithful for the base graph B(M) of M with the weight function 
induced by [. 
In the next section, for a given connected graph G, we characterize such vertex 
weight functions that Algorithm 1 is faithful. And in the third section, we prove a 
theorem which can be regarded as the converse of Theorem 3. 
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2. Convex weighlings 
We assume in this section that G is a connected graph and V is the vertex set of 
G, IV] = n. Let W be a weight function defined on V with the minimum value w0. 
For a real number k t> Wo, denote the subgraph of G induced by the vertices 
whose weights are at most k by G(W, k). We give the following definition: 
Definition 4. If for any k >~ Wo, G(W, k) is connected, then W is called a convex 
weighting of G. 
Theorem 5. The following statements are equivalent: 
(i) W is a convex weighting of G. 
(ii) Algorithm 1 is faithful for G with the weight function W. 
• (iii) For any vertex u~ with W(u~) = Wo, there exists a spanning tree T of G such 
that, for any vertex u~ ~ Ux, the unique path P = ulu2 " • • u~ in T joining ul and um 
has the property 
W(uO <~ W(u2) ~. .  • <~ w(u , , ) .  (1) 
(iv) For any vertex u~ with W(uO = Wo and any vertex um ~ u~, there exists a 
path P = ulu2" • • u,, in G such that (1) holds. 
Proof. (i) implies (ii). If Algorithm 1 is not faithful for G with W, then there are 
integers i and ], l<~i<j<~n, such that W(vi )< W(vi). By the algorithm, i~ 1. Let 
W(v i) = k. Since any path joining vl and vi contains a vertex in N(vl ,  v2 . . . . .  vi_~) 
and, by the algorithm, every vertex in N(vl ,  v2 . . . . .  V~-l) has a weight at least 
W(v~)>k, v~ and vj are in different components of G(W, k). Hence G(W, k) is 
disconnected, contradicting the hypothesis that W is a convex weighting of G. 
(ii) implies (iii). By the algorithm v~ ~ N(V~_a), so that there is an edge joining v~ 
to a vertex v i with j < i for any i = 2, 3 . . . . .  n. Denote this edge by e+ Then it is 
obvious that the subgraph T of G induced by e2, e3 . . . . .  e n is a spanning tree of G 
and satisfies the required property. 
(iii) implies (iv). Trivial. 
(iv) implies (i). Assume that, for a number k >~w0, the subgraph G(W,  k) is 
disconnected. Take u to be a vertex with W(u) = Wo, and u' to be a vertex such 
that u and u' are in different components of G(W, k). Then W(u'), W(u)~k and 
every path joining u and u' in G contains a vertex whose weight is more than k, 
contradicting the hypothesis. 
The following corollaries are immediate consequences of Theorems 2, 3 and 5. 
Corollary 6. The weight function W of the tree graph of a connected graph G 
induced by any weight function on the edge set of G is a convex weighting of the tree 
graph of G. 
80 Guan Meigu et al. 
Corollary 7. The weight Junction W of the base graph of a matroid M induced by 
any weight Junction on the ground set of M is a convex weighting of the base graph 
of M. 
3. An alternative definition of a matroid 
Suppose that H(S, ~ ) is an indepence system, where ~¢ is the set of independent 
subsets of H. H is said to be uniform if all the bases (maximal independent 
subsets of S) of H are of the same cardinality. Let F be the set of bases of H, and 
let G(H)  be the connection graph of F. We have the following result: 
Theorem 8. Suppose that H is a uniform independence system on a finite set S and 
G(H) is the connection graph of the family of bases of H. If any weight Junction on 
S induces a convex weighting of G(H), then H is a matroid. 
Proot. The theorem is proved by contradiction. If H is not a matroid, then there 
are two bases B and B' of H and an element eo in B such that, for any element e' 
in B', (B -  e0)t.J e' is not a base of H. 
Define a weight function W on S as follows: 
(i) If e ~ B and there is an element e' ~ B' such that (B - e) LIe' is a base of H, 
then let W(e) = O. 
(ii) If e e B and for any element e' e B', (B - e) O e' is not a base of H, then let 
W(e) =r, where r is the common cardinality of bases of H. 
(iii) If e ~ B ' -B ,  then let W(e)= 1. 
(iv) If e¢B UB', then let W(e) = r+ 1. 
It is clear that for any element e ~ B f3 B', W(e) = 0. Hence, W(B') <~ r. On the 
other hand, W(B) >I W(eo) = r. Accordingly, W(B) >I W(B'). 
Let m be the number of elements in B having weight 0. By the hypothesis, 
m ~< r -  1. Consider the subgraph Gk of G(H)  which is induced by the vertices of 
G(H)  whose weights are at most k, where k = W(B). Now we show that any 
vertex adjacent to B in G(/-/) is not in Gk. Since B and B' are in Gk, we conclude 
that Gk is disconnected, contradicting the hypothesis of the theorem. 
Let B* be a base of H which is adjacent o B in G(H).  Denote the element in 
B -B*  by x, and that in B*-B  by x*. It is obvious that, if x*eB' ,  then W(x) =0 
and W(x*) = 1; and if x* ¢ B', then W(x) <~ r and W(x*) = r + 1. Consequently, 
W(B*) = W(B) + W(x*) - W(x) >I W(B) + 1 > k. 
Therefore, B* is not in Gk, completing the proof. 
As an immediate consequence of Theorem 5, Corollary 7 and Theorem 8, we 
have the following result: 
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Corollary 9. Suppose that H is a uniform independence system on a finite set S, and 
G(H) is the connection graph of the family of bases of H. Then the following 
statements are equivalent: 
(i) H is a matroid. 
(ii) For any weight function f defined on S, the weight function on the vertex set 
of G(/-/) induced by f is a convex weighting of G(H). 
(iii) For any weight function f defined on S, Algorithm 1 is faithful for the graph 
G(H) with the weight function W which is induced by [. 
By this corollary, we can give another definition of a matroid in terms of 
Algorithm 1 and its connection graph as follows: 
DeAn~lion 10. A uniform independence system H = (S, 5) is called a matroid if, 
for any weight function f defined on S, Algorithm 1 is faittdul for the connection 
graph of H with the weight function induced by f. 
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